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Abstract

TR

This review introduces Markov Chain Monte Carlo simulations in causal set theory, with a focus on
the study of the 2d orders. It will first introduce the Benincasa-Dowker action on causal sets and cover some
musings on the philosophy of computer simulations. It then proceeds to review results from the study of the 2d
orders, first their general phase transition and scaling behavior and then results on defining a wave function of
the universe using these orders and on coupling the 2 d orders to an Ising like model. Including matter of this
type shows a strong coupling between matter and geometry, which leads to new phase transitions. However,
while the matter does induce a new phase transition, it does not change the order of the phase transition of
geometry.
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Introduction
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A causal set is space-times reduced to a discrete causal structure. To develop a theory of quantum gravity
based on such a discretization requires us to quantize the dynamics of the theory. The natural language for this
is a path integral that sums over causal sets. To non-perturbatively study this path sum we can use computer

simulations.
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To study the path integral, which is fundamentally a quantum theory of Lorentzian space-times, using
computer simulations, it is turned into a statistical sum over Lorentzian space-times. This is necessary since
the causal set equivalent of the Einstein-Hilbert action is purely real and would thus lead to a complex weight

factor, which is difficult to sample numerically.
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Aside from the numerical methods focussed at in this review, there are other paths to understand how
causal sets can make up our universe. For a full picture of the quantum theory we would like a covariant
dynamics motivated intrinsically through the causal set, this approach is described more in the P Chap. 71,
”Covariant Growth Dynamics” written by Stav Zalel. Another approach toward defining the quantum dy-
namics are sequential growth models, which constructs causal sets element by element, and thus defines a

measure on the space of all causal set, as introduced by Rideout and Sorkin in [1].
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This chapter will focus on computer simulations of a model system of causal sets, the 2d orders. In the
section "Entropy vs Energy, the Struggle of the Path Integral,” we will discuss the interplay of entropy and
action on the space of all partial orders, which is dominated by the Kleitman Rothschild orders, described in
section ”Kleitman Rothschild Orders” and then introduce the 2d orders as a restricted class of partial orders
which are of special interest in causal set theory, in section ”2d Orders as Causal Sets.” This section closes
with a short review of how the action on causal sets is derived, section "Energy - An Action for a Causal Set,”
and in section "Markov Chain Monte Carlo Simulations” introduce Markov Chain Monte Carlo Simulations,



the main technical tool used in simulating causal set theory. Section ”Simulations of 2d Orders” introduces
computer simulations on the 2d orders and splits into three subsections, each focussing on a different aspect.
The first section ”A First Order Phase Transition” describes the simulations of pure 2d orders, the study of
their phase transitions and scalings. The next section "The Wave Function of a Universe” describes work
on computer simulations of a Hawking-Hartle wave function in the 2d orders, and the last section "Adding
Matter - The Ising Model” describes results on the 2d orders coupled to the Ising model. This chapter closes
with a short outlook section "Outlook” on other open questions in simulations of the 2 d orders and possible
extensions of the model.
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Entropy vs Energy, the Struggle of the Path Integral
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Exploring the path integral over a theory of quantum gravity in computer simulations means studying the
interplay between the entropy in the space of configurations and the action assigned to these configurations.
Changing the class of configurations can lead to a momentous change in the path integral, as impressively
demonstrated by causal dynamical triangulations (CDT) [2]. While the input of CDT and dynamical trian-
gulations (DT) is almost identical, the restriction of the path integral in CDT to only those configurations
which allow for a definite time direction at each point, by imposing a preferred time foliation, changes the
path integral completely. While DT does not show a phase transition of higher order and thus does not allow
for a continuum limit, CDT does not only have such a phase transition but also has a phase adjacent to this

transition that shows 4 d continuum like behavior.
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It is thus clear that explorations of the path integral over causal sets will need to consider both which

class of causal sets to weight them with. This entropy of configurations is baked into the configuration space,



it is the entropy on the space of all causal sets, so the counting of partial orders.
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Kleitman Rothschild Orders
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Mathematically speaking, a causal set is a partial order, and in the mathematical literature on partial
orders, there is an impressive result by Kleitman and Rothschild, concerning the number of possible partial
orders. In [3] they show that, in the large N limit, the number of possible partial orders goes like N?/4 . They
prove this by establishing that this is the number of a particular type of three-layer order, which dominates
the number of all partial orders. These orders, often called Kleitman Rothschild (KR) orders, are defined
as follows: they consist of three layers, L, L,,L; , with N/4 + O (N 1/2 log N) elements in layers L;, L; and
N/2+ O (N'?1og N) elements in layer L, . Each element in layer L, is to the future of half of the elements of
L, and the past of half of the elements of L5 , and thus all elements of L, are in the past of all elements of L5 .

An example of a 20 element KR order is shown in Fig. 1.
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This mathematical result concerns the large N limit, which leaves the question of how large N can be
before the KR orders dominate. To explore this, Henson et al. [4] used Monte Carlo simulations to sample the
space of all causal sets. They found that KR orders are already > 90% of the orders sampled for N = 85, which
indicates that the large N regime is already reached. Since our universe consists of, assuming each element

240

to be of Planck volume, roughly 10" elements, the most likely partial orders of the size of the universe are

clearly KR orders.
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Fig. 1 Example of a 20 element Kleitman Rothschild order

B 1 —1 20 TR ORR - DS/ RERF KRG



The entropy on the space of all causal sets is thus not in favor of manifoldlike causal sets, requiring a
large energy to suppress these in the statistical path integral, as studied in computer simulations. There is,
however, hope that the case is different for the complex path integral. It is possible to show that the integral
over KR orders is suppressed by actions for which the number of links is the leading term [5], as is the case

for most casual set actions, as introduced below.
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2d Orders as Causal Sets
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The class of all partial orders is very large, and as we discussed above dominated by the KR orders. This
motivated the search for a useful subclass of partial orders to study using numerics. This class was found in
[6] to be the 2 d orders, defined in [7]. A N element 2 d order starts with the set S or integers from 1 to N,
and two sets of labels U = (uy, uy, ... uny), V = (01,03, ... Uy) With u;, v; € S and u; # u;,v; # v; unlessi = j
. The sets U, V are then total orders, with their ordering induced from the ordering on S, and we define a N
element 2d order as the intersection C = UNV . Soe; <¢; iff u; < u; and v; < v;, a useful example of such
a 2d order is a set of events in 2d Minkowski space-times, for which no u; or v; coincide.
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The 2d orders have several advantages for numerical studies of partial orders. One is that, while they
include a large variety of non-manifoldlike partial orders, it can be shown that the “most likely” 2d orders all
faithfully embed into 2d Minkowski space [6,7]. These faithfully embedding orders are often also referred to
as random orders. They are thus a model that allows us to study space-times of a fixed dimension through
causal set theory. In addition, the labelling by two numbers defines an embedding into 2d Minkowski space

and thus allows us to plot the orders we study and provides an additional tool to understand the system.
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Energy - An Action for a Causal Set
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Since we have covered the entropy part of the story, it is now time to think about the energy of a causal set.
To take a path sum over causal sets, we need to define a causal set action that weights the individual causal
sets. In principle, we have complete freedom to define the action; however, to recover general relativity in
the limit of manifoldlike causal sets, it seems prudent to demand that the action should approximate the

Einstein-Hilbert action in this case.
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While it should be possible to reconstruct the scalar curvature, and thus the Einstein-Hilbert action, from
many different measures on the causal set, one of the easiest ways to do so is to start from the d’Alembertian
operator. To define a discretized derivative on the causal set, we need to rely purely on relativistically covariant
information. In this case we write a retarded d’Alembertian operator, at an element x by using the past of the

element. In 2 dimensions the expression is

REBATRT AN FERERVF 2 AR E R R iR, MM 212 RHE-f/RER e &, (HR
BRI TR — RN DURE T %, ZAERRE B CEBSE, BATRRRBHEN e EE
Bo Mitt, BATAMTRAE R, R x 05 HHERMIURE 1. £ 4k FRIAY

BY$(x) = [—2¢(x)+4< 2 t0-2 Y ¢+ Y ¢(y))l,
YELo(x) YEL1(x) YELz(x)
)
where L; (y) are all elements y of the causal set for which |I4 (x,y)| = i, with I4 (x,y) the Alexandrov
interval, consisting of all elements causally between x,y [8,9] . The pre-factor 112 is for dimensional reasons,
with [4 the d -dimensional discreteness volume. This is a sum over "layers” of the causal set, where using the
Alexandrov intervals to define the layers makes these covariant. The 2 d expression above can be generalized

to arbitrary dimension [10,11],
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BD¢ (x) = (ocdqs(x) + B4 2 >4 (y)) @)

i=0 YEL;

where ay, B4, Ci(d) , and ng are dimension dependent constants.
HH oy, B, CP, H ng BT HEBIIH B,

To determine these constants, we demand that this expression agrees with the d’Alembertian operator,

when applied to a casual set sprinkled into flat Minkowski space.
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For such a causal set, the number of points in the i -th layer is

MNTIXRRRE, i BRREEN

—d i
Li(y) = f ay L) Vi? O -t (3)
J=(0) :

which we can insert above, to write down a continuum operator
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The constants Cl-(d) can be generated through differential operators O, in the discreteness scale [ , which

o 3
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Using this continuum approximation we can calculate

for even dimension are defined as O,,, =
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This can be solved to find
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wherecg = S4_, with S 4—, the volume of the unit d — 2 sphere.
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As Sorkin already realized in [8], this expression has the correct expectation value. However, in the
high-density limit, the fluctuations around this mean increase. He then proposed to resolve this issue by
introducing an intermediate non-locality scale, and defining, for each d , a one parameter family of operators

on scalar fields on a causal set
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where the sum is over all elements y in the causal set to the past of x and
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where € = V p/V,V p; = 14 is the Planck volume, and V is the volume of the intermediate non-locality
scale. In the limit of V' — V p;, this agrees with equation (2) above, which corresponds to the action with

minimal non-locality. For larger V/ smaller €, the smearing function f 4 (n, €) becomes less local and includes

more layers, as illustrated in Fig. 2. This suppresses the fluctuations of the operator.
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To derive an expression for the scalar curvature from this, we generalize from calculating the d’Alembertian
on Minkowski space to a curved space-times. We can use a Riemann normal coordinate expansion to derive

that
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lim B¢ (x) = (198 () + 3R () $ (). (10)

When applying this operator to a constant scalar field ¢ (x) = 2, the only contributing term is the scalar
curvature at a given point. To derive the Einstein-Hilbert action, we integrate this over space-times, which
in the case of the causal set is a sum over all causal set elements. Assuming the discreteness is at the Planck

scale [ = I, , this leads to the following expression [10],
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Fig. 2 Plot of the smoothing function f (n, ¢) for 2 d and different values of
B 2 f (n,e) 7£ 2 d T[] & BUE PHF- 15K B

for a N element causal set, where the numbers N; are the abundances of i intervals, which can be calcu-
lated analytically [12]. In addition to their use in the action, these abundances are also useful as measures of

manifold likeness of a causal set and as measures of locality for subregions of a causal set.
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In the case of d = 2, which is used in the simulations we will talk about, this leads to
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for arbitrary € . In the computer simulations, the non-locality parameter ¢ is a free input and thus defines

a class of actions.
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Markov Chain Monte Carlo Simulations
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In a quantum theory, states do not have a statistical weight, instead they have a quantum amplitude.
The usual solution when applying simulations like this to quantum gravity systems is to introduce a Wick
rotation, going from a quantum Lorentzian system to a statistical Euclidean system. Since causal set theory is
intrinsically Lorentzian, this is not possible, instead we introduce an inverse temperature parameter § which

we analytically continue g — i,g
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The parameter 5 now becomes a new free parameter of our theory. Some of the philosophy about why a

parameter Wick rotation is useful in this context has been developed in [13].
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The studies described in this chapter are all done using Markov Chain Monte Carlo (MCMC) simulations,
which are a tool for importance sampling from a large class of objects. They are often used in statistical physics
applications, since they allow us to probe large sample spaces efficiently by favoring the regions that contribute
most to the state sum. They do so by sampling the state space through a Markov Chain, generated using an

ergodic set of moves through state space.

11
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An example of such a move, for our system of the 2d orders, is the coordinate flip move, first constructed

in [14]. It uses the u;, v; labels of the orders, to propose a new order by flipping one of the coordinates.

MNFBNNZLEF RS, RXEBEH— DT 2B, R HSt [14] 1915, EFHFR
u;, v; bRIC, JEE B H A — D AEARSREE I — T

1. Randomly pick two of the N elements (u, v;) and (u,, v,) of the causal set.
1. REFLEHRRIREN N DNITR (g, v1) M (43, 02)

2. Randomly pick one of the two labels a € (u, V), corresponding to one of the two light-cone directions.
2. REHLERPI ML a € (u,v) FEI—A, KRN SEHET FAH I —1

3. The proposed new causal set is the 2 d order with the labels a;, a, interchanged.
3. TR ATHTR R R HHRIC 0y, a, JEHI 2 d o

This move is clearly ergodic in the space of 2 d orders and easy to implement on the computer. Code
using this move to simulate the 2d orders, together with an added matter coupling, as described below can be
found in [15].
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The MCMC algorithm most often used in quantum gravity theories is Metropolis Hastings, as for ex-
ample explained in [16]. The algorithm starts at some configuration of the system s; ; from this initial state,
the algorithm generates a new state, using the prescribed moves (The exact initial configuration is in theory
irrelevant, since it can be proven that for long enough running times the algorithm will converge toward the
correct sampling probability for all states. In practice, the choice of initial configuration can massively slow
down the convergence of the algorithm, and ensuring that the algorithm has converged toward the correct
sampling is a non-trivial task. We will not go into more detail on this here but refer again to the excellent
textbook by Newman and Barkema [16].). It is important that the set of moves is ergodic to ensure that the
entire space of states can be sampled. After a new state is generated, the algorithm will append either the new
state or an additional copy of the current state to the chain. The transition probability between the current

state s; and a new proposed state s, in the chain is given by their statistical weight.

12
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If the new state has a higher statistical weight (lower energy) than the current state, it will always be
accepted. Even if the new state has a lower statistical weight (higher energy), it has a chance of being accepted,
with probability exp (S id state — S newstate ) - Lhis is important to avoid the chain getting stuck in a state that
is a local minimum, in relation to the states that are adjacent to it under the set of moves, but which is not a

global minimum.

MR SHSGEHPES T HAIS (REREM), CEERIPEER, EHRSHEHAEER (RBERE ),
EWAEMRBEIERZ, RN exp (Soasae = Snewstate ) o XX TIREREERIE)R HMRMES T EHE:
XS TR G AT ZIARASRMNIME, EFFAERRRIME,

Simulations of 2d Orders

—HEFP B

This section will study three different explorations of the 2d orders using MCMC simulations. The first
section ”A First Order Phase Transition” is about the phase diagram of the 2d orders, their remarkably simple
scaling behavior, and their first-order phase transition. The second section ”The Wave Function of a Universe”
is about an attempt to use the 2d orders to study a toy model of a wave function of the universe, transitioning
from nothing to fixed size in the causal set, and the last section "Adding Matter - The Ising Model” explores

how the phase structure of the 2d orders changes when they are coupled to an Ising model.

AFTREIEL MCMC BT =R R R SRR TR, ST " ESE —4Ep R,
HARSME ARIFREAT A DA EN N — AT, B “FRikEE” /1 T iR T
HIREBETABRA R, ZEARR R R E R MNTEEIE S R R, &ia—T1 “InR—
O™ R T SRS O e HAR S B2 AL

A First Order Phase Transition

—8%
The first work on simulations of the 2d orders was done by Sumati Surya [14]. Careful study revealed

that, using the action (12), the 2d orders show two distinct phases. Simulations for different values of € and 3

make it possible to trace the phase transition line shown for N = 50 in Fig. 3.
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AP RIR TR R L Sumati Surya SRR [14], JIERIFERET, (EAMEMR 12) I, —4t5 20
HRAMESA R FRRIAE, EIIX e f1 g BURFRMEMEITRAL, FRATAT AR HIE 3 4 N = 50 A R AIHH

ko

The two phases are the random 2d orders and the crystalline orders, illustrated through insets in the
figure. The low 8 phase is dominated by the random 2 d orders, which are the entropically favored states,
while high 8 energetically favors the creation of layers. The energetically optimal state would be a set with
two layers, thus maximizing the number of links; however, since this configuration exists exactly once, it is
entropically strongly disfavored.

XA IR RENL e s A, BRI EEX HET R, K g AHDBEAL 2 d PN E, X
RFBMAAME; s g R LAMTREMIE N, fERRISSE RS, KAl LA
AR (XA R A, IR R AR A,

To delineate the different phases, a number of observables were used, the number of links, the value of
the action, the height of the 2d order, the ordering fraction, time asymmetry, and the interval abundance [12].
The height is defined as the length of the longest chain, and the ordering fraction is the number of links,
divided by the maximal number of links possible in a set of this size (which is N (N — 1) /2, achieved exactly
if the causal set consists of two equally sized layers where each element is connected to all elements in the
other layer). The time asymmetry is measured by proxy, as the difference between the number of maximal and
minimal elements in the causal set. The action of the system is time reversal invariant; it is thus interesting

to see whether the dynamics of the system will break this invariance.

NT XA RFEINE, FRERT 2D 3 (FHEE. —4raE. Gro%. WNE
AFFRYE A X TR [12]0 e VR KRR A o BOVBEERER AZ R R &l Rk
AR RBHER (X AMEN N (N - 1) /2, BRREBETHEMDNRMIFENERK, BEMES
HITLRERS 5 — BT T RAE N A ZNZ R AME), RN RMEE A g E, RIFER
FHBITTEN TR 2, RGUAIE R RN B SO, HITR RGN RS R
PRIZRIA MR RA B XY,
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Fig. 3 Phase diagram for the 2 d orders in the ¢, 2 plane for N = 50. The insets show a typical causal set in
either of the two phases to illustrate the dominant contribution. (Plot taken from [14] with slight modification
to include images of the two phases)

3N =50 XM 2 d FPAE e, B2 FIHIFFAIMEE, fERR T MER SRR ERIRES, DA
FEIESRE (BAGESCHR [14], @007 FRMHREE)

The interval abundance is a particularly interesting observable that was first introduced in [14] and then
studied in depth, analytically as well as numerically, in [12]. The interval abundance I4 (n) counts the number
of Alexandrov Intervals of size n . This defines a curve that can be calculated exactly for flat space and that
contains a lot of information about the causal set. In particular, it can recognize the dimension of a region
and recognize whether it is a locally flat region in a larger curved causal set. It can also be calculated for a
slightly curved space-times [17].

XTRIERER — PN AERESOERT ] WL &, B FESKHR [14] FRI2H, BEESCHR [12] AEHTRIEL
ERHEET TIRAWTT. XEFE Iy (n) SR n BEP LSS RIX R AR, ISR
e FESETRITE, HESHERENRKEER. ZSIUHAT ARBIDIRA4ERE, Ik
TE T N BRI h R R EE RS P B XK, Al A i s T R £k [17],

Studying these quantities shows that the phase of random 2d orders has an ordering fraction of 0.5, an
action of < 4, a height of 10, and no time asymmetry. All of these observations are in good agreement with
those for a causal set generated through sprinkling into 2d Minkowski space and thus confirm that this is a

continuum phase. This can also be tested using the interval abundance as a measure of manifoldlikeness [12].

IXEY BRI AR, B —4EFHIERF 280 05, ERE/NT 4, mEN 10, BHAFE
I RIS FR P, A X LSS SRAR 5 TN — 4 ] R TR AR i R REE RIS SR R W 5, R SE
ZHRESGUH, X — mtha] DOsid X A =R B AR R AR K [12].

The crystalline 2d orders on the other hand show clear non-manifoldlike behavior. They are energetically
favored states with a large number of links and are marked by a relative high ordering fraction ~ 0.6 , a small
action ~ —45, a low height of just 3, and large time asymmetry, although the direction of the time asymmetry

fluctuates.

H—Ji M, SR RIEHE NIRRT N, BENREREANES, MAEREMEE, RENEF
T~ 0.6 HMER R, EFR ~ —45 BUh mECON 3, ERNREIREFRERA, RESSIRMERTTT
[CIEERERG 7N

The existence of these two phases opens the question of what order the transition between them is. To
study the order of a phase transition, one needs to perform a scaling analysis, comparing the behavior at the
phase transition for different system sizes. This, together with a thorough analysis to understand how the

system scales for varying in ¢ , was undertaken in [18].
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XWAMHEIEAES [ H T — DR e AR LR ? BT R, TR TR
I, MEARRGRST MHZRIT, SRR [18] 2R TIXIULAE, R ¢ Z2LI RGEHIPR
JEAT AT T 2 7347

To explore the scaling, simulations were done for N between 30 and 90 and for ¢ from 0.1 to 0.5, covering
an irregular grid of these values. The range for € was chosen such since low and high ¢ are problematic. For
very low values of ¢, the system shows an additional phase, which was not studied in detail, since for very
low ¢ at fixed size N the scale of the smearing of the action becomes much larger than the size of the set. For

very high ¢, the fluctuations in the action become strong, which requires much longer simulations to study.

NTRFAREAT N, BATESEUENT 30 2] 90 ZH N, PAKEUENT 0.1 £ 0.5 Z Y e FF/R
TR, B TIXESHEAA RS, JADERIZ— « BIETEREIZE VK ¢ M ¢ #7 7E R
4 ¢ BUANMRRY, RGSHBI—DMHIMNIME, BTERE N RST, « RMENERRRBEIRES
ERTERER, FASCEANZMHRITIEAIEE; 4« BUEREN, (EHERKE 2 ZERME,
XTI K AR RETT R 5%,

The first question explored was the type of the phase transition, which was determined to be of first order.
This was done through exploration of the histogram of the action, and using the Binder coefficient [19]. The
histograms are shown in Fig. 4a. The important observation here is that as N increases, the histogram at
the phase transition splits further apart. At a higher order phase transition, the system at the phase transition
point would show new, long range correlated, behavior and thus form a single peak as N increases. The Binder
coefficient is defined as

BATRFHE — DR RA, RAME SN — 2, BATEL I EHEETTE, F
A Binder % [19] 158 TiIX—&518, EJ7EME 4a fiR, XEMBOLMNEEILZ: BiE N HK,
ML RAL B ETT B 7y FUGRCRTT, WSR2 E R, HEREHRSAR EIHTHI KRBT
o, HIREE N R, BEIEXPM I, Binder REUE AT

B= %(1 (s ) (16)

(52

and is a useful tool to observe the order of a phase transition, exactly because of the behavior described

above. For a higher order phase transition, this coefficient should go toward 0 as N — oo ; the coefficient is

shown in Fig. 4b.

HEIERBT EdReE, SOvMAHZEMBHAER T, N TESHEE, 4N - o i, ZRK
KRG T 0; IZAREANE 4b iR,

Itis thus clear that the 2 d orders do not undergo a higher order phase transition. The existence of a higher
order phase transition in a statistical system implies an infinite correlation length, and thus the existence of
a continuum limit. Since causal sets are a fundamentally discrete theory, the lack of a higher order transition
is not condemning in itself, as a continuum limit is explicitly not expected. It does, however, open interesting
questions when observed from the vantage point of renormalization group techniques, where a higher order
phase transition implies a universality of phenomena, which ensures that the fine structure at the Planck
scale does not unduly influence physics at lower energies. Some first steps toward renormalization group
techniques for causal sets are made in [20]. The lack of such a transition would then imply that there might
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be no universality, which could lead to problems in the predictivity of causal sets. However, self averaging
behavior, or other phenomena might resolve this difficulty, alternatively a more full description of causal sets
might find a higher order transition after all. As shown in Fig. 5, the location of the phase transition 3, scales

with Ne2 . In [18], this scaling was determined to be

KL RT DARAH, 2 d P AR RAEESHHE, SiERGEHFESHHZERE KK EE T, K
RS RSN, BT RIREA S BAMEBE RIS, NS HZEAR S A Z B
—HNAKAA PR EFEESNR, i, NERAHEARIMARE, XMt TARE
ARl fEERRALEHEZN S, BT HEREREIRM e EIENE, KRS I  RERREANESE A=
XHMIRBERIEL™ A0 RN, % R SR A R AU RESORIIT I E4AE SR [20] 52K T HIF R, 4
R, BLMERE Al RENFAETIENE, XARREHEICH R RRE,
i, BT BB RSP REM OO — X S 2, W RISRE S SRR R A& A I
SEREFREIEBTAHZE, QI s AR, MHAERE B, B Ne? brEZE . SR [18] A HIPRE R RN

1.66£0-03)

ﬁc (N’E) = NEZ
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Fig. 4 The left-hand figure shows a histogram, depicting the occurrence of different action values in the
simulations, showing that the system fluctuates between two different states, which become more different
as the system size increases. This indication of a first-order phase transition is confirmed by the right-hand
plot, which shows the Binder coefficient plotted against 1/N . (a) Histogram demonstrating coexistence. (b)

Binder coefficient

B4 ZEBEVETTE, BoR TR EENHIUR, IEHRGEN N ARIRESZ K,
HBEERGRER, MK ZERELHE, —RHEX iR R 2 7GRN, GEkRE
R T Binder ZREBE 1/N HYZEMLHIZE, (2) IEFARIHILZRVETTE; (b) Binder K

plus some corrections in N2
-k N=2 AHIRH— £ 1R T,

Not only does the location of the phase transition scale well, but the value of the action also shows very
clear scaling behavior. To examine this behavior, we plot the action against the scale invariant temperature
E = BN . The action scales linearly with N for both the regions E < Ec and ,[_3’ > ,[_SC , as illustrated in Fig. 6.
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AL B RIAREAT R R, (5 BIE LSRR BT N, N TRRIX—1TH,
AT Ve BAFRE AR B = BN 1EEl, W8 6 IR, £ B < B, M1 B > B, AKX, 1EAIR
5 N BERMARE X R,

For E < EC , we determined the scaling as

M B <B,, BAVFEIFREXRN

8§~ —4=(by &)+ by €)N)B (17)

2 4
by () = 2.09*% (e — 0.07%%0V)" — 190.50*1349( — 0.07*V)

(18)

by (€) = —0.20%099)¢3 _ 2 04(*0-18)¢2 (19)

this remains consistent for all N, e combinations. The subtraction of 4 from the action makes sense since
the expected value for this action on a flat Alexandrov interval is 4, which is due to boundary contributions

as examined in [21,22].

R ANE N, e HEEKAL, TEFHERZE 4 BEHAY: IEASCHK [21,22] 111889, “F3H Alexandrov
X E)_E e ERHREERZ 4, ORIE T 5k,

Bec
Al mo01 Ho2
i H 011 W 0.21
N 0.12 @022
M 013 W 0.23
i M 014 W 0.24
A W 0.15 W 0.25
0 0.16 W 0.3
M 0.17 [ 0.35
i m 018 W 04
& i M 019 W05
1}
i Ve v
: P S Ne

Fig. 5 Plot of the phase transition point 3, for all values of ¢ plotted against Ne? to show that the scaling
is an excellent description. The red line shows the best fit scaling
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Fig. 6 The left-hand side shows the average action plotted against B for the region 8 < ., and the right-
hand side shows this for 8 > . . The straight lines are best fits and show that the action scales linearly in N
for both regions. This scaling remains for all ¢ with the scaling parameters simple functions of € . (a) Scaling
of SB < f3. . (b) Scaling of S8 > S5,

B 6 ZEMEILH T IXIR B < B. HEIIEFERE g 193k, GME X B > B, KA MR, Hik
NEAAEIEEE R, RIAEFABERNXIAEE N &2, IXFFRESC RN TE ¢ #RNL, bR
SEBRT c WEHREREL () SB < B, MARERR, (b)SB > B. MFREXR

In the region [_S’ > [_S’C the scaling is

TEIXIRE > B, 1, TREXRN

BS* =at(N,e) + b* (N,) B (20)
at = —25.21#810) 4 1 53020 (21)
bt = 04302 | 17,63E4700¢2 _ 480092y (22)

this is consistent with analytic insights one can gain from examining the action on the bilayer orders.

GBI HNER FE1EH ]IS EIRET eIt —

These fits work well for the action in their respective regions, and we can use finite size scaling to derive
scalings for the variance from this, which all confirm the results. We can thus say that we do understand the

scaling of the action at the phase transition of the 2 d orders very well.
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The Wave Function of a Universe
FH IR

MCMC simulations of the 2d orders can calculate the expectation value of different observables and thus
show the phase structure of the theory. In a quantum theory, a typical observation would be a wave function,
showing the transition probability from one state to another. In quantum gravity, this is exemplified by the
Hartle-Hawking wave function of the universe [23]. The ground state wave function over closed 3 geometries
(3., h) is the Euclidean functional integral over 4 geometries without an initial boundary

—HEFP Y MCMC RRHURT AT A R ] UM E R EE, M RINZIEICHIHSE, £ I,
SURIA R LI LR I PR A, EIE T NSRS D SHIBRERRR, & 51 RS R
MRYR-EBRT IR (23], BA=4EL0 (3, h) ERFESKEE, IR 5 I 4E L]
ERIRR LRSS Z R

W, (D, h) =AY, / dgPe1e® (23)
M

where M = ), g|z = h and I (g) is the Euclidean Einstein action. This describes the transition from
the no-boundary proposal to a 3 geometry (D, h) .

He1 oM = 3, gy = h Fl Ip (g) ML BT R INHHEIEA R, 1Xf0E 7 MICIAFHHER 2| =48 LT
(X, h) BIERIE,

To establish an equivalent of the HH wave function in a causal set, we need to consider the boundaries;
how does a final spatial boundary look in a causal set, and what is the equivalent of no boundary? The simplest
proposal for the final boundary is to fix the size of the longest anti-chain without future elements, the final slice
of the universe if you will. While, as an anti-chain, this does not directly contain any information about the
geometry other than size, the geometric information is encoded in the connectivity to the causal set elements
in the past, as shown in [24]. The closest analogue to the no boundary proposal is a single element as an initial
condition. This is the choice of initial state that matches up best with the picture of the universe arising from

a single point, as described in [25]. Using this we can define the HH wave function in CST as

BAEFERE PR H) HH R, BATES EBO S FIREF R RLZ AR 2/, T
BN AR 2?7 W T REIDS, RAERARE R R EE N FEARRTTR IR K SBERR )
fRA] DA H B Tl IR AT e REAR B IRA MM BERESERAILAMER, HIESCH
[24] FioR, JUAME R IRIEE ST RRRETTRIVER KRR F, TSR RRIEIHR LR SR IT
RIENVIESF. IEUISCHR [25] ATk, IXFRIGGASE B AT & 5 MBI R B = I — 5
BATTAT ATE R SRS FHI (CST) i X HH R0 e
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v (N B =4 Y en®©), (24)
CeQn

where here Qy is the set of N element causal sets with a single initial element and NV final elements. In
a first step, we then restrict ourselves to only examine this wave function for the 2 d orders.

HAAL Qn BHA B NMIIGTTEN N, MRATTRI N THRENES. 8, RIMWTRZ
IRERIELAE 2 d J57 FEYIE DL,

This is calculated in two steps, first MCMC simulations of the space of all 2d orders with N elements
supplemented with analytic methods to obtain an estimate for the partition function Z (v f) of the restricted
sets to use for the normalization. Then additional simulations are done to obtain <82d>ﬁ (N f) , which makes

it possible to use numerical integration to calculate the wave function as

WFES P B L N ANTERIITE 4 2 T MOMC R, T4 & 77 a3
IR AT 2o (V) MEHHE, FFIE—f, BIRETISMERITE (S,), (V) , MR
DI AR5 L 50 A5 B

B '
W (N, B) = AZg (V) = AZo (W) exp /oSl (Nr)a¢" (25)

The normalization uses the partition function for § = 03, (N f) and can, up to an irrelevant normaliza-
tion, be obtained by MCMC simulations. A problem in this approach is that the larger Ny becomes, the fewer

configurations with this state exist.

F—EREH B = 02, (V) BIBEL/T R, fEAHZE —PNTERIA— L HEREREM, "] POEE MCMC £
U E, ZTTERFE— D Ny 8K, ARSI D,

In [25], the sets with N = 50 are explored in depth, since this size has proven a good trade-off between
manageable system size and reasonable confidence in our results, in past work. We simulated 1.138 - 10'°2d
random orders, which led to a sample of 2 d orders with final spatial boundaries of up to Ny = 19. We were
also capable to calculate the exact number of configurations arising for Ny = N—1,N —2,N — 3, thus giving
us valuable additional information. To obtain a value of Z, for all values of V; , we then used a numerical
fit, as shown in Fig. 7. The three analytically obtained points for N’y = 49, 48,47 are important to anchor this

fit, which is used to interpolate intermediate points.

FESCHR [25] 1, BATRABRATHE N = 50 WES, FNEUETIEFERIER, ZA/NER]
REBRFR GRS RSSO S BB Z RIES 1 RAFIFAE, FRfTRHL T 1.138 - 10'°2 d MREHUT,
B2 T RED ML FRARNTEL Ny = 19 B 2d DL, BATERBUHESEE Ny = N- 1,
N —2,N — 3 X MAEFATIEE, AT T ESHFOMEE. N TEEIFTE Ny BUEX
1 20 (H, FATRA TEIERLE, WIE 7 iR, Ny = 49,48, 47 B =AMENTS R A 50N B E %M &
ToEE, XELATHERSEFE .
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Fig. 7 To determine the normalization factor Z (N f) for arbitrary values of 'y we generated a sample
of configurations and counted the number of occurrences of different V' values. To improve the fit we also

added values for very large 'y which were calculated via combinatorial means

B 7 9 THEER Ny BUE R F 20 (Vy) , BAVER T —PMHBER, HGUHTAF Ny
BUERHEIEL, A TIREEERE, BOTEMA TESHE T IE RS ZIRIRR v, X R EYE

----- Ni=1 — Ny=15 === Ny=20 -~ Ny=30 — N;=35 --- Ny=40 -- N;=45

Fig. 8 Average action for a range of Ny values for ¢ = 0.12 with their best fit function and shading to

show the uncertainty in the fit

B 8 IR vy BUETEREIA € = 0.12 AP R, ITREDISEE, FARKIBRRE R AHEE

After thus having determined 2, (V) , we need to determine (S4)5 (V) for a range of Ny and g . For
this we ran separate simulations for each V¢, 8 combination. We also explored different values of ¢ , with
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the most extensive simulations for € = 0.12 and some lower resolution simulations for € = 0.5, 1 to check the
consistency of our results. In Fig. 8, we show the data points for a selection of V; plotted against 8 , with
the best fit lines and their error regions. The fit is done to obtain a smooth interpolation of the data present,
which is necessary to be able to do the integral in (25). In theory splines or other piece wise interpolation

methods lead to equivalent results.

B 2o (V7) J5, RINTEAE—FFI N, 1 B HIBETEEIPIRE (S2a); (V1) o WILRRITTH BN, 8
IR T UL, TRATEMNR T ¢ B RREE, X ¢ = 0.12 384T T ek REROREL, H ¢ = 0.5,1
T TIRRERERERL, DK R85 A — B, 121 8, TROVRR T35 N, MBS, DAB
BERRIETE, BRI SRR IR KR, U2 TR BUE SR TR, IXR52A (25) 2o
SYSTSEE, MBS EYE, REIRE U BRI 7 I AR S 4 e

Using this function, we numerically integrated, utilizing Mathematica, to obtain numerical values for
v, (N I [3) . These are shown in Fig. 9, where the wave function of the universe is peaked around different

final configurations for different S .

fEBZPRE, FATEEH Mathematica T 7 EUERSY, 19217 Wy (N, B) BIBUMESE R, 45RUNE 9
IR, “NIR] B X LAY i 5 R 25l (L EH BILAE AN ) 28 HASAL

The first peak is around Ny ~ 4 and is dominant for low § and consists of the random, manifoldlike
2d orders, which we already observed above. The second peak is around Ny ~ 23 and dominates once 3
becomes high enough. We show examples of typical causal sets in either of these peaks in Fig. 10.

- MEEMT Ny ~ 4R, £ NS TS, BN EXCEMMBIRIBEHIIRIE 471
BoNEERT Ny ~ 23, 4 g RBAN T, BAERE 10 R T 23T RN EER
SRR SR G R B

The causal sets in the 2nd peak are similar to those in the crystalline phase but restricted by our initial
condition of V; = 1. These configurations show several properties that are physically interesting. They are
rapidly expanding, as determined by the ratio of the largest anti-chain to the longest chain in the set. It would
be interesting to see how this would continue for larger N . Another suggestive property of these causal sets is
the distribution of pasts, as shown in Fig. 11. The histogram shows the average distribution of past volumes
for the final elements for Ny = 23,8 = 7.6 . On average each of the final elements is connected to almost
all other elements in the causal set. This high connectivity leads to a very homogeneous initial condition on
this slice of the universe, similar to what is also achieved through inflation. This is an interesting hint that

discreteness in the early universe could give rise to the homogeneity of the universe.

B NMEEPRIRRE S EATR R REREL, (HZBFATIV; = 1 PaFAFRIRT, XEHASAES
ZMERVIHEERITER, RIERREHRARBES & KBER ELEHIWT, BT PORRZ IR,
HRAERN N PRERSNAFESERREBE L. RERREN S —MEFRENEREL ED
i, WE 11 R, BEFERRT Ny = 23,8 = 7.6 NRETRNS ZARI I3, FHEKRE, &
MRATERLFEE T RREFITEHAMITR, XMEEEMERSTH %Y A ERAR SRR
195, SR AERBERELL, XR2—MARENIR, IR EIT 87 AR A AT DU ST 7 91
=L
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Fig. 9 Wave function for different values of 8 , showing how the wave function is concentrated around
two peaks, one of which is dominant for small 8 while the other becomes dominant at larger § . (a) € = 0.12
.(b)e=0.5

& 9 AN[Fl B BUEX N AT R, BN T I BRI EEE R AE R DB, HAp— Mg EEDN g N
5, B—MEEEKRKBNEES, () e=0.12, (b)e=0.5

Fig. 10 Typical causal sets taken from the two peaks in the wave function for € = 0.12 . For low (3 the
typical configuration is random, while the typical configuration for large 8 shows rapid expansion, and a
crystalline behavior. (a) Ny =4,8=0.2. (b)) Ny =23, =76

& 10 BUH € = 0.12 IZEAEN MMEERTBAERIRE, (K 3 NAYSAUGRLZRENLAY, TR B iYL
FPU 2B PRIERZ AT RAAMEAT . (@) N =4,8=02, () Ny =23,8=7.6
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Fig. 11 Probability histogram for the size of the past of a final element in the large § dominant state. This
shows that most final elements contain all bulk elements in their past

B 11 K B EFEHARTRE REGNIIMRETTE, EPRY], REBARTTRNEREGES
AR AT

Adding Matter - The Ising Model

A B — O

The studies above demonstrate that the 2 d orders are a great testing ground to explore causal sets using
computer simulations. This can be taken even further. One big question in causal set theory is, how to incor-
porate matter in the theory, and the 2d orders let us explore this. In particular, we can define an Ising type
model, by assigning a “spin,” a variable with values [+1, —1] to each causal set element. The interaction term

for these can then be defined using the link matrix L;;

ERIRRY, 2 d FERAATEVEMRRARENAERR, RITERTUER—P, KRE
B E— MO R EUZ A AIEEIE AR, T4 LR A TRER N X — AT fRIRR . Al
M, TATATLUE M g M RRETTR I “Bhe”, RBEN [+1,-1] 9%
o ZJan] DU TR RERE L;; 2 SOXEE B heAAH B FH I

Stsing =J 2 SiLiasi =J ), SiSi» (26)
ke <1

to obtain a spin interaction along links [26,27].
M 2T RERERY B et BIEH [26,27].

This makes it possible to study how the systems of matter and geometry interact, whether they give rise
to new phases, and how the transitions between these phases behave. It is particularly salient to examine if
the transitions might become of higher order, since smooth phase transitions allow for a continuum limit.
While a continuum limit is not necessary for causal set theory, it does give more analytical tools to examine a

theory.
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XERBATAT APV S T LR S E ER, R G R7AE#TH, PAAOX AR [RIAAH2E
ARER, FRHZRENEMHZEER, KA-FREHZEA] DIFEESN IR, ESARERR A
REMICTT S FFARBE S, (HEMSKRENEICHT R 4E 2 0 TH,

A priori the Ising model has three possible states, spins can be correlated along links, anti-correlated
along links, or uncorrelated, while the 2d orders have two phases we know so far, the random 2d orders and
the crystalline orders. If these phases arise in all combinations, without giving rise to any new behaviors, we
would expect to find six phases in the coupled system

CAaE AR g 7 A = AT REARAS: B BETHRERE IR, T BER IR OREREICRER; 4k HATER/
AWM, BIREHL PRI p, RS DIERH S, AR TN, BNBHIES RSt
R/

To study these phases, in addition to the observables already used to study the 2d orders, we also examined
the Ising action (26), and the absolute magnetization of the system

ABFFOXEM, BT EEH TR 4RIl RSN, TANEARR T 0EEH & (26) MRS
XA

M| = (27)

1
—_— S.

The phase structure as found in [26] is shown in Fig. 12, where we see that only five different phases can

be identified. For the studies, we explored ¢ = 0.21, since the prior studies of the 2 d orders without matter
make us confident that there will be no qualitative change in the orders with ¢, as long as it is not chosen very

small.

SR [26] S EIHTAHSS AT AN A 12 BN, BATHBEMN AR AR R AR R P IEATA € = 0.21
BATTIRR, FOVHETDS A SR 2 d PRIRFZLERATGE, RE e PEBAD, & e NFAR
KA MR,

In the region around 8 = j = 0, we find random 2 d orders with uncorrelated Ising spins; this is the
region where both systems are dominated by the entropy of configurations. As f increases while j stays close
to 0, we find a transition to the crystalline 2 d orders, with uncorrelated Ising spins on them. If j increases,
we find crystalline causal sets with anti-correlated spins, while negative j induces crystalline 2d orders with

correlated spins.

£ B = j = 0 FREXIR, BAWSE 7 HATCRBO BHERIBENL 2 d /P ZXIHFP D RSHE B
BEES, 4 BRI j REHEIR o I, BATEAMAREITRNHA JCBGE BIERT A 2 d 7.
QSR j IR, BANSEIHA RO B HERI M IARIREE ; T j &175F A Xk B ier sk — 47,

26



2.0

mCR RR
mCA RC
mCC
1.5 Cdlines simulated in more detail
e
0.0
-1.0

=10 —0.5 0.0 0.5 1.0

Fig. 12 Phase diagram of the system of the Ising model coupled to the 2 d orders. The light green region
RR is random 2 d orders with uncorrelated Ising spins; the vibrant green region CA is crystalline 2d orders
with anti-correlated Ising spins; the orange region CR is crystalline causal sets with uncorrelated Ising spins;
the dark blue region CC is crystalline causal sets with correlated Ising spins; and the cyan region RC is random
2d orders with correlated Ising spins. The red boxes mark lines that were studied in more detail. (This figure
is taken from [26])

B 12 #5 2 d FRIDREBRIUR G, Helr X IR RR ZH A TCREOE B HERIRENL 2 d /75 IR
LRI CA B A RO A IR A 47 G IR CR RHAA LRI B eR iR R
R&; RIEGXIK CC 2 WA KBk OE B RS ARIRE:; B QX RC B A RBCDE B herJkE
ML= #EFr, LLEMENRD T CFRETFMFRIZ. (KE5]ESCH [26])

Since f§ is a free parameter in this model, we also extended the study to negative 5. We find that for j = 0
and 8 € [0, —1] the 2 d orders still behave as random orders, without a clear phase transition. The negative j
and negative 3 region does not show any signs of a new phase arising. However, this region should give rise to
anti-correlated spins, which are harder to examine using the observables defined above, so it is possible that

interesting behavior has not been found.

BT B R IKIRALET B S8, BADER IR B2 T 51 g Bl TATEL, XMTF j = 01 g € [0,-1]
, 2 d FIRRIANBENLE, NEEBEMEIEZE, ) fth g XIS HBUHTHANE R, EiXX A
R AR [ KRB B BE, SRk EBEARME A _EIR RTWLI R AR 7, IRt AT REIE A A BB RIAT N M AR B

For positive j and negative 8 , we find the most intriguing behavior. Without the Ising model, the path
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sum in this region would still be dominated by random orders, while the Ising action favors maximizing
the number of links, and thus creating crystalline orders. These competing effects give rise to a double phase
transition from random 2d orders with disordered spins, to random 2d orders with ordered spins, to crystalline
2d orders with ordered spins, which is a matter induced phase transition of geometry.

XMTFIE jFI B, BATRELT BAERRIERIIT N, GIREA PRI 2 DOSRA S AT R B REAL
FES, MOEEHEOTRAMEHER, MMRRRET, XETEHBN 5% 7 NEHZE:
WL HEERIBENL 4y, 26 BRI 48, BEHA R BIERRE 4, X2YiR
FFHI LA,

This process and the order of this induced phase transition was studied closer in [27]. To do so we sim-
ulated the system at different sizes ranging from N = 20 to N = 120, for a line at j = —1 and one line along
j=1.

SCHR [27] AHX— R DA% 5 SRR IT e T EIRABIBESE. NI BATERSTEEM N = 20
FIN = 120 FIRGHHEAT TR, X j = -1 K —5RE&EE5H j = 1 —%K%,

Along the line j = —1,3 € [0,0.8] , we find one phase transition, from a phase in which both the Ising
spins and the geometry are random, into a phase in which the Ising spins are aligned, and the causal set is
crystalline.

i j=-1,8 €[0,0.8] X&KL, TMEHT —AAHZE: RGEMNGHE B IES I LAEIABEHLAIH, 220N
DA B BEX 57, BRIERENESHIH,

Studying this phase transition in detail, we found that the phase transition happens at smaller 3 values

than for the pure 2d order system, and scales like

WS TR IZAEE, BT R A Al — 4 RGN B {EAL, HAREAT ik 2

B, (N) = (3.35 £ 0.15) - N~0-72%0.01, (28)

This odd scaling in N is likely an effect of the Ising model slowing the scaling as compared to that expected

for the pure 2d orders.
N XA S H A AR P RE IR T O A RS B T4l — 4 P A P 2% T A IS A

Looking at the Binder cumulant of the observables in Fig. 13, we see that the transition appears of first

order in the observables associated with geometry, but of higher order in those associated with the Ising spins.

MERE 13 ARV =S R R, BT AR, 5 LASBRrI N & S iz 22—
22, M5 P B e Al I 2R e 2 s L,

This leads us to the conclusion that this is a mixed order phase transition. While the transitions remain
different in the two parts of the system, one cannot deny that the systems are strongly influencing each other,
since the location of the transition and the scaling of this location with the system size are changed consider-
ably compared to the uncoupled systems.
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GRS EREN: STCRMA ARG, RN E %A B RS R T R R L T

LEZ,

Studying the scaling of the system with size shows that the actions scale linearly in N in the low 8 region

where causal sets and spins are random and quadratic in N in the crystalline and correlated region at high g .

AR AR GRER ST BIPREAT AT A 42K B X3, (EFRAE N PR, %X AR B BE
BEHL; 1E% B BURRASKERXIR, (EHER N 0,

The other line explored is j = 1,8 € [—1.4,0] , which crosses two phase transitions, including one
induced by the Ising model. At high 8, we observed a magnetic transition from a phase of uncorrelated spins
and random 2 d orders to a phase of random 2 d orders and correlated spins, which is followed by a geometric
transition as f is further decreased. This transition goes from random 2 d orders with correlated spins to
crystalline 2 d orders with correlated spins.

BAHRFH S —5R/E2 j = 1,8 € [-1.4,0], EFLMAHEE, Hb—AhfeiiiEs, 15& 6
A, BATMEBIM B EFCREK, 2 d FPRENLEVAEE] 2 d FPREbL. BRI RIEMERIAL; 3— 0%
KB Ja, RKRATUTHEEZ, M2dFEREPl. BIESREREUMEZ N 2 d s, BRI,

—— N=20

i —+— N=30
= —— N=40 =
M —— N=5D .
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Fig. 13 The fourth-order cumulant for the actions and the magnetization at j = —1 . The thicker crosses

indicate the location of the phase transition, as determined from the peak of Var (S) . (a) By, . (b) Bs . (¢) Bg,
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. (d)Bg,

& 13 j = —1 EFH &SRR 2R &, HTFARICH B Var (S) IEFfENHEZEMNE, (a)
By o (b)Bgo (€)Bg, o (d) Bg,

The scaling of the transitions with N can be fit as

MHZERE N BIBREE RTLE

Bemag = (—1.22 +0.20) - N~0-41£0.04 (29)

Be.geo = (—8.58 +0.34) - N~0-770-01 (30)

Extrapolating these fits to very high N , the lines would meet somewhere between N ~ 500 — 1000 ,
depending on the error bars of the fits. However, physically this seems to be unlikely, since the spins need to
align before they can force the 2d order into a crystalline structure, we expect that the extrapolation is flawed

and that the distinct phases will persist at large N .

BXEE S IMERINE N, TIEEESSSILAE N ~ 500 — 1000 Z RIf)HAL, BARN BEURTHRIER
REMRE, HIXEYHE ECOFHFAEE: e T4 fead 4 F Rk sEy, RItFEITA
ZAMEFAERRIE, R N R AR SRSEEE,

Exploring the transitions closer, we see that the observables are consistent with a higher order phase
transition, apart from the histogram of the action whose distribution grows wider as N increases, instead of
peaking sharply. The transition of geometry, however, still is appears consistent with a first-order transition.
Both phase transitions can be seen in the Binder coefficients shown in Fig. 14.

WP RFAREROVEZI, FRTERAERN MR N 8RBT MARRBURIESS, HARAT N &
B 5@ 2 USSR & — AR RIRHE, MRS ET A] DA 14 FoRi
AP,

So while matter can induce a phase transition in geometry, it does not fundamentally change the type of
transition that geometry undergoes, in this context.

R HAEZR T, REWRA LSS U A A, EEHRMRA L2 Uk A AR,
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Fig. 14 Fourth-order cumulant plotted against § for both the action and the magnetization for j = 1.
The thicker crosses indicate the two phase transition points. The rightmost cross of each color is the magnetic
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transition, while the second cross indicates the geometric transition, both measured using the peaks in the
Variance Var (S) . (a) By . (b) Bg . (¢) B, - (d) Bs,

B 14 50X j =1, KUk B EEHRRMEAAGRE S BIN B /R, BRI .
B A RA MR R RAEZE, AR UaEEE, ZF @I 75 % Var (S) FIEEIE, (a)
By o (b)Bso (€)Bs; o (d) Bg,

Examining the scaling of the action it is found to be identical to that of the random uncorrelated and the
crystalline correlated phases, respectively, along the negative j line. For the region of random causal sets with

correlated spins, we did not find any clear scaling.

WA E R BAPREAT AR, With j 2k, HARE IS TCRBRBEH RS S o A bR — 8, Xt
T BRI BELRI R IR, AR UL TSI AR EAT A,

The work thus shows that coupling the Ising model to the 2d orders does not fundamentally disrupt the
scaling behavior. While we do find some new phase transitions, they do not seem to be of higher order in
geometry and do thus not resolve the problem of predictability mentioned above. It is, however, promising
that they do show strong coupling between matter and geometry, thus allowing us to study a coupled system.

More work is certainly needed to understand more realistic matter on more realistic causal sets.

I ZITFERA, KO S | 47 R SRR EREMREIT N, REBNTASSEI T —
LERTAAEZE, (HENE LA NP IEEIARZE, R TCTARR R ATSCIR 2B R Fiu e s, (EfETS
RERE, ENFSEIHY S LA Z RFERES, XIEBAS DR E /gL, EHEMEEES
KR EEESHYIR, TREETREITRE 25,

Outlook
Jesd

This chapter has introduced MCMC simulations on the 2 d orders as a model system of causal sets. Even
this simple case still leaves many interesting open questions for future investigation. First we should further
our understanding of matter on this simple system. This could take the form of including a scalar field, either
using the d’Alembertian operator defined above (10) or using the Greens function as described in the chapters
on quantum field theory on causal sets by Nomaan X and Ian Jubb. It would also be physically interesting to

see how the wave function of the universe is influenced by the inclusion of matter.

RENG TEARRERI RSN 2 d 7 11 MCMC #i48l, BMEZXME RGN, 8T 726
BRI OE R BEARRA ST, E5E, FRAIFR M — P B ME SR S P BRI BT DS
AbREY), BEAT DUR A A SCE AER DURSEAT (10), AT PR Nomaan X 1 Ian Jubb i X5
SR TIICE TR BRASRE L, TS5 ANPBUE X 8 5 e R e B Bt AR

The model of the 2d orders can also be extended, allowing for more general configurations and thus
moving closer toward the physically interesting case of four dimensional space-time. This is done in the
lattice gas model defined in [28]. 2d orders as a lattice, with N 2 ]attice sites of which only N are occupied, but
each occupied site precludes other elements sharing the same light-cone coordinates, which since there are
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only N possible values for each coordinate means that with N elements there can be no additional elements
added still satisfying the conditions. The generalized lattice gas extends the configuration space by allowing

for elements to share coordinates and by decoupling the number of lattice sites from the number of elements.

e RAIE AT DA TINRE, DA —ARRIRG T, AT SE I DU AR 2 X M S R R TR
o R TAECAESCHA [28] & AR R SE R, —HEFPfENfts, A N> MR, HPX
A N ABOEYE, BOPLEIE RS P HMTR IR R —OtHERER, BT N EARUE N ] RE
BUYE, FIESAEE N DNTRGE, TEERINRE A FRFTR. 7 REEd Rt =4
Pr, RS R S TR BN R TR ],

This also allows for an extension to causal sets in higher dimensions. In general extending the 2d orders
to 3 or higher dimensions is not a good model of space-time, since it would lead to "hypercube light cones.”
This implies that causal sets that approximate 3 d space-time are not included in the 3 d orders, since their
causality structure is not represented. However, the more general lattice models allow for empty lattice sites
and thus do include manifoldlike configurations. In particular the limit of taking the number of lattice sites
to infinity for a fixed size of the causal set recovers the case of a sprinkling into flat Minkowski space. The

generalized lattice model also opens the possibility of exploring changes in the topology of our configurations.

XA R B SRR SR, — ORI, K i R 2 =4 s 4k I N R IR N 2= A 4F
R ROMIR R “HBNLTTOEHE”, RXEIREILL 3 d N SHRIRETCIEWANA 3 d Fp, HIKIRES
WTFCIERRIE, BE A RV A, BT AAGIRIEIAER, Rl T EE
RN SREEBUS R T TE 55 RUARRR,, ik n] DA 21 e 1 B FRas TR RE R SRR AUEE R HE) R
e S 7N g UL EZE D 7l ]
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